Abstract
Introduction
Similarity measures play an important role in different research topics such as image analysis, pattern recognition, decision making and market prediction. In the same way, distance measure is an important tool which describes differences between two objects and considered as a dual concept of similarity measure [12] . The choice of a similarity measure or a distance measure for any fields of research is not trivial [8, 10] . Since Zadeh proposed fuzzy sets [11] , many scholars have conducted research on similarity measures between fuzzy sets [9, 12] . Other similarity measures are proposed for Atanassov intuitionistic fuzzy sets as a generalization of fuzzy sets [2, 3, 7] . In this paper, one presents a new measure of distance for the interval ] , [ b a and then for bipolar fuzzy values. Based on the new distance, the similarity of bipolar fuzzy values was defined. Then, using the similarity or dissimilarity, the cardinality and entropy measures are constructed for bipolar fuzzy set. All these measures are done for bipolar fuzzy values or bipolar fuzzy set in the framework of penta-valued representation [6] . The paper has the following structure: section 2 presents the fuzzy set and its extensions: intuitionistic fuzzy set, paraconsistent fuzzy set and bipolar fuzzy set. Also, the main operators for bipolar fuzzy sets are presented. Section 3 presents the penta-valued representation of bipolar fuzzy sets defining indexes of truth, falsity, unknowingness, contradiction and ambiguity. 
The fuzzy sets and its extensions
Let X be a crisp set (the space of points), with a generic element of X denoted by x . In the framework of Zadeh theory [11] , a fuzzy set A in X is characterized by the membership function ]
is obtained by negation and thus both functions define a partition of unity, namely:
Atanassov has extended the fuzzy sets to the intuitionistic fuzzy sets [1] . Atanassov has relaxed the condition (2.1) to the following inequality:
He has used the third function, the index of uncertainty  that verifies the equality:
In the same way, we can consider instead of (2.1) the following condition:
Thus, we obtain the paraconsistent fuzzy set [6] and one can define the index of contradiction:
There is a duality between intutitionistic fuzzy set and paraconsistent fuzzy sets. More generally, in this paper, we will consider as bipolar fuzzy set (BFS) a set A , defined by
. For this kind of sets, one defines the union, the intersection, the complement, the dual and the negation operators.
In formulae (2.6) and (2.7), the symbols "  " and "  " represent any couple of t-conorm, t-norm. 
The negation n A for the set BFS A  is defined by the formulae: 
Penta-valued representations
In the paper [6] a penta-valued logic was defined using the following values: true, false, unknown, contradictory and ambiguous. Based on this logic, penta-valued fuzzy sets FP5 was constructed [6] . The FP5 sets are described by five functions: the membership function, the non-membership function, the degree of unknownness, the degree of contradiction and the degree of ambiguity. The bipolar fuzzy set (BFS) can be translated into FP5. Particular forms of bipolar fuzzy sets can also be translated to FP5, for example fuzzy sets (FS), intuitionistic fuzzy sets (IFS) and paraconsistent fuzzy sets (PFS) [6] .
Bipolar fuzzy set as FP5
One considers the bipolar fuzzy set BFS A  defined by the membership function  and the non-membership function  . We will define the following indexes: The index of truth:
The index of falsity:
The index of unknownness:
The index of contradiction:
The index of ambiguity: In the framework of this penta-valued representation of bipolar fuzzy set, we can not have in the same time, true and false and also, we can not have in the same time, unknown and contradictory. From (3.1.8) it results the inverse transform:
Fuzzy set as FP5
We consider the fuzzy set FS A defined by the membership function  . Using formulae (3.1.8) one define the indexes of truth, falsity and ambiguity.
The indexes of unknownness and contradiction are zero. Finally, due to the particularity (2.1) of fuzzy sets, the pentavalued representation is reduced to a three-valued one: 1
From (3.1.10) one obtains the inverse transform.
Intuitionistic fuzzy set as FP5
We consider the intuitionistic fuzzy set IFS A defined by the membership function  and the non-membership function  . We will translate to a penta-valued fuzzy set using formulae (3.1.8). In consequence, one defines the indexes of truth, falsity, unknowingness and ambiguity.
The index of contradiction is zero. Finally, due to the particularity (2.2) of intuitionistic fuzzy sets, the pentavalued representation is reduced to a tetra-valued one: 1     i u f t From (3.1.10) one obtains the inverse transform.
Paraconsistent fuzzy set as FP5
We consider the paraconsistent fuzzy set PFS A defined by the membership function  and the non-membership function  . We will translate to a penta-valued fuzzy set using formulae (3.1.8). Hence, one defines the indexes of truth, falsity, contradiction and ambiguity.
The index of unknownness is zero. Therefore, a bivalent knowledge representation was transformed into a tetravalent one, due to the particularity (2.4) of paraconsistent fuzzy sets. The four defined indexes verify the partition of unity condition: will not belong and the second will belong to the resulted crisp set. In other words, the elements described by the first pair must be more similar then the elements described by the second pair. Using (4.1), it will not mark this result. Because of that, we will propose the use of the following distance for 
The function defined by (4.4) verifies the metric properties:
The first two properties are evident and for the third, we will show the proof for the case (4.5). We will analyze six possibilities.
In 
This case can be proven similarly to case e).
Distances and similarities for bipolar fuzzy sets
Before the presentation of the distances, we must remark that we can change the bipolar representation ) , 
The degree of neutrality
These two functions verify the following inequality:
The two components  and  have polarity because can be positive or negative.
Distances for bipolar fuzzy set
One considers the bipolar fuzzy set BFS A  defined by the membership function  and the non-membership function  . Let 1 x and 2 x be two bipolar fuzzy values. Using (4.5) one defines two partial distances:
having the following equivalent forms:
We will combine  d with  d in order to obtain a pseudoHamming, a pseudo-Euclidian and a pseudo-Probabilistic distance for bipolar fuzzy set: 
In the end, we consider the following five points: 
is monotonically increasing with 
Similarities for bipolar fuzzy sets
Typically, similarity between two elements is computed by negation of distance. In this paper we will use the classical negation, namely: ) , 
is monotonically decreasing with
1 c c  and monotonically increasing with
1 c c  . where "  " represents the maximum function (4.3) and "  " represents the minimum function (5.1.7). Next, we will consider some particular pairs with bipolar fuzzy values and we will compute their similarities. We will consider the following pairs: 
We discover that the pair P1 is more similar then P2, P3 is less similar then P4 and P5 is less similar then P6. Using the similarity PH s , it results:
We get that the P3 and P4 are equivalent and once again, P5 is less similar then P6. 
The cardinality and entropy of bipolar fuzzy set
Using the formulae of distance or similarity we can define some measures for cardinality and entropy.
The cardinality of bipolar fuzzy set
We will define the cardinality for a bipolar fuzzy set A by:
verifies the following conditions: 
The following example verifies the conditions c1, c2, c3, c4, c5:
, one obtain the first example:
For fuzzy set, intuitionistic and paraconsistent fuzzy set, it results:
, one obtains the second example:
For fuzzy set, intuitionistic and paraconsistent fuzzy set, it results: 
